Magnetic confinement of stellar winds leads to the formation of magnetospheres, which can be sculpted into Centrifugal Magnetospheres (CMs) by rotational support of the corotating plasma. The conditions required for the CMs of magnetic early B-type stars to yield detectable emission in Hα -the principal diagnostic of these structures -are poorly constrained. A key reason is that no detailed study of the magnetic and rotational evolution of this population has yet been performed. Using newly determined rotational periods, modern magnetic measurements, and atmospheric parameters determined via spectroscopic modelling, we have derived fundamental parameters, dipolar oblique rotator models, and magnetospheric parameters for 56 early B-type stars.
2008b; Folsom et al. 2016) , are generally weak (usually on the order of a few G, although fully convective M dwarfs can reach kG strengths, e.g. Kochukhov & Lavail 2017; Kochukhov & Shulyak 2019) , and exhibit frequent topological changes consistent with magnetic activity cycles (e.g. Donati et al. 2008a; Mengel et al. 2016) .
The evolution of the magnetic fields of cool stars is relatively well understood. Young stars tend to have strong magnetic fields generated by a combination of vigorous convection and rapid rotation. Over time, magnetic braking due to torques arising from the Poynting stresses of the circumstellar magnetic field slows the star's surface rotation (e.g. Weber & Davis 1967) , leading to a less energetic dynamo and, hence, a weaker surface magnetic field (Folsom et al. 2016) . In contrast, much remains unknown regarding the evolution of fossil magnetic fields. Since the magnetic field is not maintained by a dynamo, it is not directly related to rotation. The surface magnetic field strength is usually expected to decline due to magnetic flux conservation within the expanding stellar atmosphere (e.g. Landstreet et al. 2007 Landstreet et al. , 2008 . on the other hand, some magnetic interior models have predicted an increase in the surface magnetic field over time (Braithwaite & Spruit 2004; Braithwaite & Nordlund 2006) , and such an effect has been reported by some observational studies (Kochukhov & Bagnulo 2006; Glagolevskij 2015) . Other population surveys have instead found that the surface magnetic field strength and the total magnetic flux decline over time Landstreet et al. 2007 Landstreet et al. , 2008 . Sikora et al. (2019b) reported an evolutionary decline in surface magnetic field strength consistent with constant magnetic flux. Fossati et al. (2016) compared the occurence frequency of magnetic and non-magnetic stars across the upper main sequence, and inferred that magnetic flux decay occurs and that it may accelerate with stellar mass. However, they were unable to find any trend of decreasing magnetic flux with fractional main sequence age, as would be expected in this scenario.
Like cool stars, magnetic hot stars lose angular momentum due to magnetic spindown (e.g. ud-Doula et al. 2009; Petit et al. 2013) , with the primary differences being that magnetic hot stars spin down much more rapidly due to their much higher mass-loss rates, and that their surface magnetic fields are not directly affected by spindown. The expected deceleration from this "magnetic braking" is potentially observable, and period change has indeed been directly measured in some cases (e.g. HD 37776 and HD 37479; Mikulášek et al. 2008; Townsend et al. 2010) . While HD 37479's period is slowing down, consistent with magnetic braking, spin-up has been observed in the cases of HD 37776 and CU Vir, suggesting the picture is more complicated than a simple monotonic decrease (Mikulášek et al. 2011 (Mikulášek et al. , 2017 . Nevertheless, as the projected rotation velocities of magnetic hot stars are systematically much lower than those of their non-magnetic counterparts (e.g. Shultz et al. 2018b) , it is clearly capable of creating a population of magnetic stars that is statistically more slowly rotating than non-magnetic stars, suggesting that magnetic braking dominates the rotational evolution of magnetic hot stars over the long run. Fossati et al. (2016) noted that the spindown ages of stars between about 5 and 15 M⊙ were systematically much greater than their main-sequence lifetimes, i.e. they are rotating even more slowly than expected. They suggested that this discrepancy could be explained if their magnetic fields were much stronger in the past. Alternatively, they could have arrived at the Zero-Age Main Sequence already slowly rotating.
The magnetospheres that act as the interfaces through which magnetic hot stars are spun down are detectable across the electromagnetic spectrum, a phenomenon that has received extensive observational attention at various wavelengths: in X-rays (e.g. Oskinova et al. 2011; Nazé et al. 2014) , the ultraviolet (e.g. Brown et al. 1987; Smith & Groote 2001; Neiner et al. 2003; Shore et al. 2004; Schnerr et al. 2008; Henrichs et al. 2013) , at Hα (e.g. Donati et al. 2002; Bohlender & Monin 2011; Wade et al. 2011; Grunhut et al. 2012a; Sundqvist et al. 2012; Rivinius et al. 2013b; Wade et al. 2015; Sikora et al. 2015 Sikora et al. , 2016 , in the nearinfrared (Oksala et al. 2015b) , and as both coherent and incoherent emission at radio wavelengths (Drake et al. 1987; Linsky et al. 1992; Trigilio et al. 2000 Trigilio et al. , 2008 Leto et al. 2012; Chandra et al. 2015; Kurapati et al. 2017; Das et al. 2018; Leto et al. 2017 Leto et al. , 2018 . Petit et al. (2013, hereafter P13) showed that the presence or absence of Hα emission is predicted by the stellar mass-loss rate, and by whether or not the star possesses a purely dynamical magnetosphere (DM), or also a centrifugal magnetosphere (CM). DMs are detectable in Hα only around stars with high mass-loss rates (i.e. O-type stars), because their strong winds are able to fill their magnetospheres on similar timescales to emptying via gravitational infall (e.g. ud-Doula & Owocki 2002; ud-Doula et al. 2013) . In contrast, B-type stars, which have much weaker winds, tend not to show emission if they possess only a DM. However, if the star is rotating rapidly, corotation of the plasma with the magnetic field leads to centrifugal support capable of counterbalancing gravity, enabling the accumulation of plasma over long timescales (e.g. ud-Doula et al. 2008 ).
An important limitation of previous population studies of magnetic hot stars has been that in many cases key parameters -surface magnetic field strengths, rotation periods, and atmospheric and fundamental parameters -have been poorly constrained, with only limiting values available. As a consequence, P13 were unable to determine the conditions required for the onset of Hα emission. This may also possibly explain the inability of Fossati et al. (2016) to unambiguously detect magnetic flux decay. Shultz et al. (2018b, hereafter Paper I) used a large database of high-resolution spectropolarimetric time series, principally collected by the Magnetism in Massive Stars (MiMeS; Wade et al. 2016 ) and Binarity and Magnetic Interactions in various classes of Stars (BinaMIcS; Alecian et al. 2015) Large Programs (LPs), to obtain longitudinal magnetic field Bz measurements and thus determine rotational periods for the stars examined by P13. Atmospheric parameters for these stars based upon spectroscopic measurements and Gaia parallaxes were presented by Shultz et al. (2019b, hereafter Paper II) . In this work, we build upon the empirical foundation established in Papers I and II to derive the stellar, rotational, magnetic, and magnetospheric properties of the sample, with the aim of clarifying the evolution of these parameters. An overview of the sample stars and the dataset is provided in § 2. The method used to determine stellar, magnetic, and magnetospheric parameters is outlined in § 3. Stellar parameters are presented in § 4.1, magnetic parameters in § 4.2, and magnetospheric parameters in § 4.3. Their evolution is examined in § 5, the interpretations of the results are discussed in § 6, and conclusions are summarized in § 7.
SAMPLE AND OBSERVATIONS
The sample consists of all published magnetic main sequence stars with spectral types between B5 and B0 and sufficient spectropolarimetric data to confidentally assess their magnetic characteristics. The selection criteria and properties of the sample were described in Paper I, and those of 5 additional stars were described in Paper II, with the final sample consisting of 56 stars. The study is based primarily upon an extensive database of high-resolution ESPaDOnS, Narval, and HARPSpol spectropolarimetry, also described in Papers I and II. The majority of these data were acquired by the MiMeS and BinaMIcS LPs Alecian et al. 2015) , with additional data from the BRITEpol LP (Neiner et al. 2017a) , as well as various PI programs (see Papers I and II). Wade et al. (2016) gave an overview of the reduction and analysis of ESPaDOnS, Narval, and HARPSpol data. Five stars were primarily observed with HARPSpol and FORS2 by the B-fields in OB stars (BOB; Fossati et al. 2015b; Schöller et al. 2017 ) LP at the European Southern Observatory.
PARAMETER DETERMINATION
In order to ensure fully self-consistent stellar, rotational, magnetic, and magnetospheric parameters, a Monte Carlo method was developed that simultaneously accounts for all observables. A detailed description of the algorithm is given in Appendix A (online). Briefly, the algorithm takes as input all available measurements (T eff , log L, log g, v sin i, Prot, and Bz , as well as supplementary prior constraints on age, mass, and rotational inclination; see Appendix B, online), and combines these with evolutionary models to determine radii, masses, ages, surface rotational parameters, dipole Oblique Rotator Models (ORMs) and the resulting stellar wind and magnetospheric parameters. The algorithm takes rotational properties as a prior, rejecting test points that imply physically impossible rotational properties (i.e. super-critical rotation, or rotation slower than v sin i). It also rejects test points that lead to large inconsistencies between observables (e.g. log g incompatible with the observed value; age incompatible with cluster main-sequence turnoff ages). Test point rejection is probabilistic: test points are rejected if their inferred parameters (log g, M * , t) differ by more than 1σ from target values drawn from Gaussian distributions. This ensures that the posterior probability distributions are approximately Gaussian. The advantage of this algorithm is that it automatically accounts for correlations in the uncertainties of derived parameters.
At a minimum, stellar and rotational parameters were constrained by T eff , log L, log g, and v sin i, while the magnetic parameters were constrained via sinusoidal fits to Bz (the mean value B0 and the semi-amplitude B1) and the measured value of Bz max. In most cases Prot is also available as a key constraint. v sin i, Prot, Bz max, and sinusoidal fitting parameters to Bz were determined in Paper I and references therein (with the exception of the five stars which have been added since the publication of Paper I, for which the parameters and references were collected in Paper II). T eff , log g and log L were given in Paper II and references therein.
Fundamental stellar and rotational parameters are given in Table C1 (online), ORM parameters in Table C2 (online), and wind and magnetospheric parameters in Table  C3 (online).
Prior distributions
In most cases Gaussian distributions were used for the priors, with centroids and standard deviations equal to the measured values and the 1σ error bars. The only exception is for the rotational axis inclination irot. For most stars in the sample irot can be inferred from Prot, v sin i, and R * ( § 3.3). In the special case when irot cannot be rotationally constrained, irot was drawn from a random distribution over 4π steradians,
where P (irot) is the probability that irot < i0. This a priori distribution was used for HD 46328 and HD 66522 (extremely slow rotators for which the measured v sin i is basically an upper limit), and HD 52089 (for which Prot is unknown). Prot is also unknown for HD 44743, HD 58260 and HD 136504; however alternate constraints on irot are available for these stars (see Appendix B3, online).
Evolutionary models
We adopted the solar metallicity evolutionary models calculated by Ekström et al. (2012) and Brott et al. (2011) , which make different assumptions (regarding core overshooting, internal mixing, mass loss, etc.), leading to a more extended main sequence lifetime in the latter case. As demonstrated by Martins & Palacios (2013) and Castro et al. (2014) , within the parameter range of interest neither set of models precisely reproduces the width of the main sequence (MS), with the Ekström et al. models yielding a narrower MS and the Brott et al. models a wider MS than observed. While Castro et al. (2014) found the discrepancy to be larger in the case of the Ekström et al. models, it should be kept in mind that Petermann et al. (2015) speculated that magnetic suppression of core convection may lead to a narrower main sequence for magnetic as compared to non-magnetic stars, with non-magnetic stars presumably dominating both the Martins & Palacios (2013) and the Castro et al. (2014) samples. Suppression of core overshooting is supported by the asteroseismic analysis of the magnetic pulsator HD 163472 conducted by Briquet et al. (2012) , who found that its core overshootting was much less than expected. If core overshooting is in fact suppressed by strong internal magnetic fields, the Ekström et al. main sequence width may indeed be more appropriate.
In the case of the Ekström et al. models, for stars with rotation periods in excess of about 6 d we adopted the nonrotating models. We also utilized non-rotating models for HD 52089 and HD 58260, which have unknown periods but sharp spectral lines. For all other stars we utilized rotating models, which assume a uniform initial rotational velocity vini of 0.4 times the breakup velocity v br .
In the case of the Brott et al. models, which sample the rotational phase space more densely than the Ekström et al. models, for each star we selected the models with vini closest to v sin i.
In practice, neither set of models accounts for effects such as mass-loss quenching due to magnetic confinement, magnetic braking, or for the influence of fossil magnetic fields on the internal rotational profile. Preliminary models including surface magnetic braking have been presented by Meynet et al. (2011) , but these assumed a constant surface magnetic field strength. While fossil fields in realistic stellar atmospheres were modelled by Duez & Mathis (2010) , calculations of stellar evolution incorporating their relaxed field structures were outside the scope of their study. Potter et al. (2012) presented models of magnetic braking for massive stars, however, they assumed a mass-dependent radiative zone dynamo, rather than fossil magnetic fields. Magnetic evolutionary models presented by Quentin & Tout (2018) also assumed a dynamo mechanism, and were furthermore limited to 3 M⊙ stars. Models including mass-loss quenching were developed by Petit et al. (2017) and Georgy et al. (2017) , although these concerned stars more massive than those of the present sample. Magnetic models incorporating magnetic braking and tidal effects on stellar evolution were developed by Song et al. (2018) , but they concern very close magnetic binaries that are, again, more massive than any stars in the present sample (the majority of which are furthermore single). An appropriate grid of models utilizing fossil magnetic fields and self-consistently accounting for all effects is still in development (Keszthelyi et al. 2017a (Keszthelyi et al. , 2018 (Keszthelyi et al. , 2019 .
Metallicity is a potentially complicating factor in determining stellar ages from the HRD Landstreet et al. 2007 ). Due to surface abundance peculiarities of up to several dex in the photospheres of chemically peculiar (CP) stars, the bulk chemical composition of magnetic CP stars (comprising the majority of the present sample) is almost impossible to determine. However, metallicities measured in a multitude of star-forming regions and open clusters by the Gaia ESO survey, spanning about ±1 kpc of the Sun's galactocentric distance, are consistent with an essentially flat radial abundance gradient in the solar neighborhood, with a mean and standard deviation of [Fe/H] of 0.02 and 0.09, respectively (Spina et al. 2017) . Stars within the 1 kpc range of the survey are therefore likely to have approximately solar bulk compositions. Only 8 stars in the present sample are more distant from the Sun than 1 kpc; however, given the almost flat abundance gradient reported by Spina et al. (2017) , their bulk compositions are unlikely to differ significantly. We therefore feel confident in adopting solar metallicity as a reasonable first approximation.
Rotational parameter determination
Assuming rigid rotation, the inclination irot of the rotational axis from the line of sight can be determined from
where veq is the rotational velocity at the equator and Req is the equatorial radius. In most cases Req is practically identical to R * , however this sample contains some rapidly rotating stars for which this is not be the case. We therefore calculated the rotational oblateness explicitly as the ratio of the polar radius Rp to the equatorial radius Req (Jeans 1928) :
where Ω is the angular frequency and ρ = M * /(4πR 3 p /3) is the mean stellar density. In practice this correction is negligible for all but a few stars in our sample (e.g. HD 142184 and HD 182180).
Prot and veq quantify the speed of rotation but do not give a sense of its dynamical importance for a given star. For this we utilized the dimensionless rotational parameter W = veq/v orb , where v orb is the velocity necessary to maintain a circular Keplerian orbit at the stellar surface (ud-Doula et al. 2008, Eqn. 11) 1 . Critical rotation is given by W = 1, while a non-rotating star has W = 0. The physical influence of rotation within the magnetosphere is measured by the Kepler corotation radius RK = W −2/3 , the distance from a star at which rotational and gravitational forces are in balance assuming material moving in strict corotation with the stellar surface (ud-Doula et al. 2008, Eqn. 14) .
Oblique rotator model parameter determination
Dipolar ORMs consist of 4 parameters: Prot, irot, the obliquity angle β of the magnetic dipole from the rotational axis, and the surface polar strength of the magnetic dipole B d . Assuming Prot is known and irot constrained, β and B d can be determined by solving Preston's equations (Preston 1967) using harmonic fitting parameters to the Bz curve and the maximum strength of Bz . Fitting parameters were defined in Paper I: B0 is the mean value of the Bz variation, and B1 is the semi-amplitude of the first harmonic. irot and β are then related through the Preston r parameter,
The r parameter is provided in Table C2 . Obtaining B d also requires the limb darkening coefficient, which was obtained from the tabulated values calculated by Reeve & Howarth (2016) , where we used the B band as the closest to the mean wavelength of the line lists used to extract LSD profiles from ESPaDOnS/Narval spectra.
As noted in Paper I, 13 stars show evidence for contributions to Bz from higher multipoles of the surface magnetic field. In most cases the amplitudes of the higher harmonic terms, reflecting multipoles, are much smaller than 1 Conversions between W and more commonly used expressions for the critical rotation fraction (e.g. the ratio of the angular to the critical angular velocity or of the equatorial to the critical equatorial velocity) are given by Rivinius et al. (2013a) .
the amplitude of the first harmonic, describing the dipolar component; this suggests that even in these stars, the surface magnetic field is dominated by the dipole. This assumption is not always correct, as, depending on geometry, some higher spherical harmomics can yield Bz curves dominated by the first harmonic; however, this possibility cannot be adequately explored absent Zeeman Doppler Imaging (ZDI; Piskunov & Kochukhov 2002) . The contributions from higher-order multipoles fall off faster with distance from the star than those from the dipolar component, and should thus be of negligible importance to the radial extent of magnetic confinement and the resulting spindown timescale. We therefore ignore the multipolar components, and, for these stars, solve Preston's equations using only the amplitude of the first harmonic.
We utilized the observed value of Bz max to determine B d . For stars whose Bz curves are well described by a first-order sinusoid, Bz max and B0 + B1 are effectively identical. For stars whose Bz variations require multiple harmonics to reproduce, B0 + B1 is likely to underestimate the maximum strength of the surface magnetic field. In these cases the peak surface magnetic field strength can really only be determined via ZDI. However, the 'twisted dipoles' that are usually revealed by ZDI mapping (e.g. ) typically have maximum surface magnetic field strengths similar to those that would be inferred from Bz max. Using the observed value therefore avoids too badly under-estimating the surface field strength in these cases. A good example is the topologically complex star HD 37776 (Kochukhov et al. 2011) , for which B0 + B1 = 0.54 kG, but Bz max = 1.7 kG.
Since sinusoidal fits to Bz could not be derived when Prot is unknown, in these cases B0 was approximated by the error-bar-weighted mean of Bz , and B1 by the weighted standard deviation. We chose to use the weighted standard deviation for B1 rather than the difference between Bz max and B0 in order to avoid outlier bias, as the stars without known Prot generally have relatively noisy Bz datasets. This strategy was adopted for HD 44743, HD 52089, HD 58260, and HD 136504Aa and HD136504Ab.
Magnetospheric parameter determination
The strength of magnetic confinement in the circumstellar environment is quantified by the dimensionless windmagnetic confinement parameter η * , which is the ratio of the energy density of the magnetic field to the kinetic energy density of the wind (ud-Doula & Owocki 2002, Eqn. 7) . The physical extent of magnetic confinement, given by the distance from the star within which the magnetic field dominates the wind, is the Alfvén radius RA. We determined RA using the approximate scaling with η * given by Eqn. 9 from ud-Doula et al. (2008) .
Magnetic confinement depends on the strength of the surface magnetic field, the radius of the star, and the momentum of the stellar wind. The net mass-loss rate is reduced within a magnetosphere , leading to substantial changes in resultant emission line morphology that can introduce considerable inaccuracies in measurements derived from spherically symmetric models (P13). While progress is being made in developing non-spherically symmetric models designed to measureṀ (e.g. Hennicker et al. 2018; David-Uraz et al. 2019) , such measurements are unavailable for the overwhelming majority of the sample. It is furthermore worth emphasizing that η * is defined by the value ofṀ that the star would be expected to have in the absence of magnetic confinement. We therefore used theoretical mass-loss rates, i.e. the mass-loss rate as it is predicted to be in the absence of a magnetic field (ud-Doula & Owocki 2002) . We emphasize that this magnetically-unconfined mass-loss rate, corresponding to the actual mass flux into the magnetosphere, is the proper quantity with which to calculate η * (ud-Doula & Owocki 2002) . We adopted two formalisms: the Vink et al. (2001) mass-loss recipe, which is a standard prescription for the mass-loss rates of early-type stars, and the Krtička (2014) recipe, which is based upon the NLTE calculations performed by Krtička & Kubát (2010) . Unlike the Vink et al. mass-loss rates, which are extrapolated from a relationship calibrated from measurements of the mass-loss rates of Otype stars, the Krtička mass-loss rates were specifically developed for B-type stars.
The Vink mass-loss rates were calculated using the idl program cal tot.pro 2 , which takes as input the stellar metallicity Z/Z⊙, T eff , log L, M * , and optionally v∞. For simplicity, and as chemical abundances are available for only a few stars, Z/Z⊙ was taken to be unity (i.e., solar metallicity) for all stars. v∞ was left as a free parameter, in which case cal tot.pro calculates it from the escape velocity vesc as v∞ = f vesc, where f is a scaling factor that increases from f = 1.3 to f = 2.6 from the cool to the hot side of the bi-stability jump, first predicted by Pauldrach & Puls (1990) , at T eff ∼ 25 kK (Vink et al. 2001) . The Vink recipe also predicts a decrease of approximately 1 dex inṀ from the cool to the hot side of the bi-stability jump, as a consequence of a change in the line force due to recombination of iron lines. While investigation of the UV P Cygni profiles of non-magnetic OB stars has established good evidence that v∞ does indeed change at the bistability jump (e.g. Lamers et al. 1995) , the change inṀ was later found to be more gradual (e.g. Crowther et al. 2006; Markova & Puls 2008; Keszthelyi et al. 2017b) , and occurs at a slightly lower T eff (Petrov et al. 2016; Vink 2018) . As a consequence we fixed the T eff for the first and second bistability jumps to 20 kK and 9 kK, respectively.
Krtička mass-loss rates were calculated using Eqn. 1 in Krtička (2014) , which depends solely upon T eff , and then scaled according to the stellar radius 3 . Wind terminal velocities were determined via interpolation through their Table  2 , according to the star's T eff .
Magnetic spindown timescales τJ were determined from stellar, wind, and magnetospheric parameters (ud-Doula et al. 2009, Eqn. 20) . τJ is essentially the e-folding timescale for the angular momentum J, which corresponds to the surface angular rotational frequency Ω given by the J = IΩ in the case of solid body rotation. τJ is thus sensitive to the star's moment of inertia I = f M * R 2 * , where the factorf is obtained from the radius of gyration rgyr as f = r 2 gyr . P13 assumed f = 0.1 for simplicity; however, the stellar structure models calculated by Claret (2004) give f = 0.06 across most of the main sequence for the mass interval of interest. Strictly speaking this quantity is age-dependent, shrinking from about 0.08 at the ZAMS to 0.02 at the TAMS as the He core grows; f = 0.06 was chosen as the mean value for most models across the MS. Adopting f = 0.6 rather than f = 0.1 decreases τJ by a factor of almost 2. Once τJ is known, the maximum spindown age tS,max is then defined as the time necessary for the star to spin down from initially critical rotation (rotation parameter W = 1) to its present value of W (P13, Eqn. 14). An important caveat concerning tS,max is that it assumes τJ to have been constant through time, which is unlikely to be the case, asṀ , B d , and rgyr are all expected to change with time (Keszthelyi et al., in prep.) .
PARAMETER DISTRIBUTIONS

Stellar Parameters
To explore the degree of systematic error introduced by the choice of evolutionary models, the top four panels of Fig. 1 compare the results obtained using the Brott et al. (2011) radii R * ,class were determined using the relation R * /R⊙ = (L * /L⊙)/(T eff /T eff,⊙ ) 4 (where log (L * /L⊙) and T eff were given in Paper II, and T eff,⊙ = 5.78 kK), but without requiring consistency with log g or other constraints. Spectroscopic masses M * ,spec were determined from R * ,class and log g (from Paper II) as M * ,spec/M⊙ = g(R * ,class /R⊙) 2 /G. In both cases uncertainties were determined via error propagation. As is clear from Fig. 2 , there is a reasonable agreement between the MC and classical values: the median of the ratio R * ,MC/R * ,class is 0.98, and the median of M * ,MC/M * ,spec is 1.16, both close to 1. The respective r.m.s. values of these ratios are 0.14 and 0.58, as compared to median relative uncertainties σR/R * ,class = 0.33 and σM /M * ,spec = 0.32. As the median difference between classical and MC values is very close to the uncertainty in the classical values, this uncertainty is probably the primary reason for the differences.
The right-hand panels of Fig. 2 demonstrate the improvement in precision enabled by the MC method. Field stars typically see an improvement in radius error to about half of the classical uncertainty, while cluster stars are more precise by up to a factor of 10. In both cases the precision in MC mass is up to about 10 times higher than spectroscopic masses. There is no difference in mass precision between cluster and field stars as age constraints have a negligible effect on mass determination. Fig. 3 shows cumulative distribution functions and histograms for the fractional main sequence age τTAMS and the stellar mass, with the sample divided into cluster and field stars. Histogram uncertainties were determined from the standard deviation in each bin after generating histograms with identical bin sizes for 1000 synthetic datasets, with the values of each data point varied randomly according to the 1σ error bars. The full sample is slightly biased towards less evolved stars, with a K-S test significance vs. an even distribution between the ZAMS and the TAMS of 0.08; however, this is not statistically significant. The age distributions of cluster and field stars are clearly different (K-S test significance of 2×10 −7 ), with the cluster stars being systematically much less evolved than the field stars. This is expected, since young stars should be found close to where they were born.
The sample is neither volume-limited nor brightnesslimited. The apparent magnitude completeness of the MiMeS survey, from which our sample is primarily drawn, drops below 50% above V = 4, and is only about 5% above V = 6 ; the median V magnitude of the present sample is 6.6. In spectral type, the MiMeS survey is about 30% complete at B0 for stars with V < 8, and drops to 10% completeness at B5 in the same magnitude range. Given these limitations, the mass distribution of the sample is also of interest; this is shown in the right panels of Fig. 3 . The sample is dominated by less massive stars, with about 50% of the sample having M * < 8 M⊙, and a monotonic decrease in incidence with increasing mass. This is more or less as would be expected if our sample was a volumelimited survey, since less massive stars are more common than more massive stars. The distributions of cluster and field stars in mass are similar, with a K-S test significance of 0.06, although there are more lower-mass sample stars in clusters, but no very high mass (above 13 M⊙) sample stars in clusters 4 . Since there are only a handful of stars in this mass range, this is likely a result of small-number statistics (and indeed, some magnetic O-type stars are known cluster members, e.g. NGC 1624-2 and θ 1 Ori C). In Paper II, it was noted that coverage of the main sequence appeared to be incomplete for the less massive stars in the sample (around 5 M⊙). Fig. 4 shows absolute and fractional ages as functions of stellar mass. Cluster stars dominate the low-mass, young sub-sample. The main sequence appears to be well-covered between 7.5 and 9 M⊙. Below this range, there are no stars in the second half of the main sequence, as expected from the results in Paper II. Above this range the sample is dominated by older stars, likely because these stars are much larger and brighter than their younger counterparts, as well as relatively un-obscured by nebular material. The most massive stars -HD 46328, HD 63425, HD 66665, and HD 149438 -are all very close to the same fractional MS age.
Oblique Rotator Models
Rotational inclinations and magnetic obliquities
As an initial validation of the accuracy of the derived values of irot and β we compared them to one another, and calculated the Pearson's Correlation Coefficient (PCC; Pearson 1895), which is close to 0 for uncorrelated values, and close to ±1 for highly correlated values. No correlation of irot and β is expected, and we find PCC ∼ 0.08. No correlation of irot is expected with either τTAMS, M * , or W , and indeed the PCCs of these paramaters with irot are below 0.1. We also find PCCs below 0.1 for β with, τTAMS, M * , and W , indicating that β is also independent of mass, age, and rotation within our sample.
Previous investigations of the distribution of irot have concluded that it is compatible with a random distribution on a sphere (Abt 2001; Jackson & Jeffries 2010) , the assumption that was used above to set the inclinations of slow rotators for which v sin i does not provide any constraints (Eqn. 1). The top left panel of Fig. 5 compares the inferred values of sin irot to the expected random distribution. The observed distribution approximately follows a random distribution, but is systematically offset from the expected distribution due to a larger-than-predicted number of stars with sin irot ∼ 0.5; above this value, the observed and expected distributions are very similar. The K-S test probability that the predicted and observed distributions are the same is about 0.02.
The left panel of Fig. 5 also compares the distribution of inclination angles found here to those reported in previous studies of Ap/Bp stars by Landstreet & Mathys (2000, L00) , Aurière et al. (2007, A07) , Hubrig et al. (2007, H07) , and Sikora et al. (2019b, S19) . The two-sample K-S test significances comparing the B star inclinations to the previous studies are, respectively, 0.6, 0.1, 0.6, and 0.1, all compatible with belonging to the same population. Comparison of the distributions from these studies to the expected random distribution yields respective one-sample K-S test significances of 0.2, 0.003, 0.1, and 0.06, suggesting that only the A07 sample is unambiguously inconsistent with a random distribution. Combining all stars, the one-sample K-S significance is 5 × 10 −6 . It should be noted that there is an unavoidable detection bias for i ∼ 0
• and β ∼ 90
• and vice versa, as in this case Bz is always 0 for a dipole, and there is an exact symmetry of the line-of-sight component of the magnetic field across the stellar disk and therefore no crossover signature is expected in Stokes V . However, the probability of small irot values is intrinsically very low, and almost any orientation of β other than exactly perpendicular (or parallel, if i = 90
• ) to the rotation axis would lead to a detectable signature in Stokes V .
The cumulative distribution of sin β, shown in the top right panel of Fig. 5 , suggests an excess of small ( 40 • ) angles; above this value the distribution is consistent with a random distribution. Comparing previous studies to the Btype stars with the two-sample K-S test yields significances between 0.7 and 0.9 for all samples but LM00, which yields 7 × 10 −5 , i.e. only the LM00 sample is clearly drawn from a different population (although it should be kept in mind that LM00 assumed that β is always smaller than irot). In all four cases, the one-sample K-S test yields a higher significance level (between 0.1 and 0.2) vs. a random distribution than is achieved for irot. The LM00 distribution is clearly not random (the K-S significance is 4×10 −8 ) but is different from the rest, with a very strong excess below about β ∼ 30
• . The LM00 distribution is, however, composed largely of very slowly rotating Ap stars, containing more stars with long Prot (of order 10 days to ∼ years) than the remaining samples combined, and a principal conclusion of their study is that very slowly rotating Ap stars tend to have aligned magnetic and rotational axes. Combining all stars yields a one-sample K-S significance of 10 −5 , but this is mostly an effect of the LM00 sample as, with those stars excluded, the one-sample K-S significance increases to 0.005 i.e. much higher than the significance for irot.
These results are curious, since irot is expected to be random, but β is not, and yet the results formally imply the opposite. Comparing irot and β yields a two-sample K-S probability of 0.02 of belonging to the same distribution; combining all stars (but excluding the LM00 sample) yields 10 −5 . Therefore irot and β are probably not both drawn from the same distribution, suggesting that if irot is in fact random β is not (or vice versa).
One possible explanation for the non-random distribution of irot is observational bias. Since Zeeman splitting is easier to detect in stars with smaller v sin i, the MiMeS survey preferred stars with narrower line profiles, which in general are likely to have smaller irot than the overall population of early-type stars. To test this hypothesis we divided the sample into stars with v sin i above and below the median value of 60 km s −1 . The sin irot and sin β distributions of the two sub-samples are shown in the bottom panels of Fig.  5 . The slowly rotating sub-sample shows a clear excess of stars with small irot, while the rapidly rotating sub-sample is much closer to the expected distribution. This is consistent with the hypothesis that the bias of the MiMeS survey towards more narrow-lined stars is the reason for the excess of small values of irot. This should not have affected the S19 study, which was volume-limited. LM00 did not determine irot directly from R * and v sin i (since the latter quantity was comparable to measurement uncertainties for their longperiod stars), but rather assumed that irot was the larger of the two angles inferred from the Bz curve properties; their study should therefore also be immune to such a bias. The H07 study was largely based on low-resolution spectropolarimetry, for which line-width is a less relevant issue, and should therefore also not be affected by this bias. Of the 4 previous population studies, only A07 used high-resolution data, for which a bias towards sharp-lined stars might be expected; as noted above, the A07 irot distribution is the only one of the 4 that is inconsistent with a random distribution.
The difference in sin β distributions between early Btype stars with sharp vs. broad lines is not statistically significant, consistent with the expectation that irot and β are independent.
Dipolar magnetic field strengths
Surface magnetic field maps determined via ZDI are available for 4 stars in our sample: HD 37479, HD 37776, HD 149438, and HD 184927 (Oksala et al. 2015a; Kochukhov et al. 2011; Kochukhov & Wade 2016; Yakunin et al. 2015) . Comparing the published ZDI maps to the B d values determined here, only HD 37776 differs outside uncertainty, with B d = 6 ± 0.5 kG vs. a peak surface strength of 30 kG via ZDI. HD 37776 has by far the most complex magnetic topology of all the stars in this sample, and its Bz curve is dominated by the second and third harmonics. The next most complex field belongs to HD 149438, for which ZDI inversion determined a maximal surface magnetic field strength of ∼ 0.6 kG, with a poloidal contribution to the total magnetic energy of ∼10% (Kochukhov & Wade 2016 ). Our result (B d = 0.31
−0.01 kG) under-estimates the surface magnetic field strength by a factor of 2, and over-estimates the poloidal strength by a factor of 5. For both stars, using Bz max from the harmonic fits (i.e. |B0| + |B1|), as supposed to the measured value, would lead to even larger under-estimates of the maximal surface magnetic field strength. At any rate, B d is not especially meaningful for either star. In consequence, when examining the evolution of magnetic field strength and flux ( § 5.1), we adopted the ZDI values. Fig. 6 shows the cumulative distribution and histogram of the surface magnetic field strength log B d for the stars in this sample. A log-normal fit, generated using the mean and standard deviation of log B d of 3.5 and 0.6 respectively, is shown in the top panel. The K-S significance of the lognormal cumulative distribution compared to the observed distribution is 0.5, suggesting that a log-normal distribution is a reasonable fit to the data. This distribution predicts a tail extending to 100 kG, which is not observed: there is a sharp cutoff in the observed distribution at about 25 kG. This suggests an upper limit on the surface strength of fossil fields in early B-type stars.
The absence of magnetic fields above about 25 kG is likely to be real, as stronger magnetic fields are much easier to detect. The distribution in Fig. 6 could be affected by a bias related to the intrinsic difficulty of detecting weak magnetic fields. This is particularly the case for rapidly rotating stars, as their large line widths spread Stokes V over a larger number of pixels, bringing the amplitude of the magnetic Zeeman signature closer to the noise level. However, in their analysis of the MiMeS Survey, Wade et al. (2016) found that the median sensitivity of the survey was around (Blazère et al. 2015; Shultz & Wade 2017) , and the more recently discovered magnetic O-type star HD 54879 . The Ap/Bp star values were taken from LM00, A07, and S19. The K-S significance of the present sample stars vs. the Ap/Bp stars is 0.5, indicating they come from the same parent distribution. The early B-type sample includes marginally more stars with weak fields, and a slightly higher fraction of stars with very strong fields, than the sample of cooler Ap/Bp stars. However, this may represent an observational bias: Ap/Bp stars typically possess ∼ kG surface magnetic fields, while magnetic fields of the order of 0.1-1 G have been found in normal A-type stars (e.g. Lignières et al. 2009; Petit et al. 2010 Petit et al. , 2011 Blazère et al. 2016) . Including these stars would likely reconcile the differences between the distributions at the low end, however their inclusion may not be appropriate as it is not clear that such fields have the same origin as classical fossil fields.
The K-S significance for the O-type stars vs. the early B-type stars or the Ap/Bp stars is 0.01 and 0.06, respectively, consistent with belonging to the same parent distribution albeit suggestive of a difference. While the extrema of the O-type star B d distribution extend to similar values, the most likely value (∼ 1 − 3 kG) is systematically lower than for either the cooler Ap/Bp stars, or the early B-type stars (between 4 and 10 kG). This may reflect an incomplete characterization of the sample of magnetic O-type stars. Many such systems have been found to be spectroscopic binaries, leading to an increase in the inferred surface magnetic field strength (e.g., ζ Ori Aa and HD 148937; Blazère et al. 2015; Wade et al. 2019 ); B d is still a lower limit for the extremely slow rotator HD 108 (Shultz & Wade 2017) ; and while magnetic fields have still not been detected in the magellanic cloud Of?p stars (Walborn et al. 2015; Bagnulo et al. 2017 ), preliminary models of their magnetospheric variability suggest the mean B d of this population to be about 7 kG (Munoz et al. 2018) , consistent with that of the Galactic magnetic AB stars. 
Magnetospheric parameters
Mass-loss rates, wind terminal velocities, the wind magnetic confinement parameter η * , and the Alfvén radius RA are given in Table C3 . The tabulated values are those determined using Vink et al. (2001) mass-loss. η * is greater than unity for almost all stars in the sample, and ranges up to 10 6 for some stars, therefore all are predicted to possess magnetospheres. The only possible exception is HD 52089, which due to its extremely weak magnetic field may have η * < 1; however, the lower Krtička (2014)Ṁ yields η * > 1 for this star. Fig. 7 compares RA and τJ calculated using the two wind prescriptions. At the high-mass end, there is almost no difference in RA; towards lower masses, Krtička RA diverges from the Vink predictions by a factor of up to about 2 (see dashed line) due to the rapid decline in KrtičkaṀ towards low T eff . This is due to the much greater T eff sensitivity of Krtička mass-loss, which converges to Vink rates at high T eff but drops by up to about 2 dex near 15 kK. Amongst the lowest-mass stars, τJ is generally longer by a factor of about 4 (dashed line) when calculated using Krtička wind parameters, again due to the lowerṀ ; intermediate mass stars tend to have similar τJ since the two prescriptions give similarṀ and v∞ in this mass and T eff range (i.e. just after the bistability jump).
For the sake of simplicity, we have generally selected parameters derived using Vink mass-loss rates for presentation, as the general distribution of stars in e.g. the rotationmagnetic confinement diagram (Fig. 8) is not qualitatively different between the two wind prescriptions.
Revisiting the Rotation-Confinement Diagram
The rotation-magnetic confinement diagram (RMCD) using the Vink mass-loss recipe is shown in Fig. 8 It is clear from the RMCD that merely possessing a CM is an insufficient condition for Hα emission. The diagonal solid line indicates RA=RK: stars above this line are predicted to possess a CM, and many of these have Hα in absorption. It is typically the stars with log (RA/RK) > 0.6 that are Hα bright (diagonal dashed line). The majority of the emission-line stars also have RK < 4.5 R * (horizontal dotted line). The Kepler radius sets the minimum distance of the plasma accumulation surface from the star . Taken together, these results suggest that there are at least two conditions necessary for Hα emission: 1) RK must be close to the star; 2) RA must be sufficiently large to enforce strict corotation of the plasma out to a much greater distance than RK.
The thresholds for Hα emission were set in order to exclude as many stars without Hα emission as possible, however there is some overlap at the borders between stars with and without emission. The absorption-line stars in the region of overlap are typically less luminous than the emission-line stars. This suggests that there may be a third condition for emission: that the wind feeding rate be above a certain threshold. If true, this is suggestive of a plasma leakage mechanism competing with mass loading, a possibility suggested by P13 and developed further by Owocki & Cranmer (2018) . This is because, in a breakout scenario, CMs should eventually fill regardless ofṀ (P13). Since the wind plasma feeding the magnetosphere is spread out over a larger surface area with increasing distance from the star, the requirement that RK be close to the star for Hα to be detectable may also point to the operation of a leakage mechanism. 
Magnetic fields and mass
The middle left panel of Fig. 9 shows B d as a function of stellar mass for the Ap/Bp stars, the early B-type stars, and the magnetic O-type stars. Stellar parameters for the A-type stars were obtained from A07 and S19, while those of the O-type stars are from the same sources as were used for Fig. 6 . The upper and lower extrema of B d are basically independent of mass. We tested for correlations using linear regressions, PCCs, and p values, where the latter give the probability that the PCC is not a result of random statistical variation (p ≪ 1 indicates a high probability that there is a real variation). Uncertainties in linear regressions and PCCs were derived using a Monte Carlo methodology intended to control for both random and systematic errors. 1000 synthetic datasets were generated. In each synthetic dataset, one point selected at random was removed; this tested for statistical robustness against the influence of individual datapoints. Another randomly selected point was shifted in both the x and y direction, using a flat distribution normalized to the span of the full dataset; this tested for the influence of large systematic errors in the parameters of individual datapoints. The remaining datapoints were allowed to vary within Gaussian distributions normalized to the standard error of each datapoint. The solid lines in Fig. 9 indicate the mean best fit across all synthetic datasets; the light blue shaded re- gions show the minimum and maximum fits, approximately corresponding to 3σ uncertainties.
While a linear fit to log B d vs. log M * suggests a slight downward trend, as might be expected from Fig. 6 , the slope is much less than the range of values found at any given mass, the PCC is only −0.09 ± 0.06, and the p value is 0.51. There is therefore no evidence from this exercise for a change in B d with mass.
Since stellar radius increases with mass, an essentially unchanging range of B d means that the unsigned magnetic flux Φ = B d R 2 * must increase with mass. This is demonstrated in the bottom left panel of Fig. 9 . The PCC of log Φ vs. log M * is 0.47 ± 0.05 (p = 0), and the slope is 0.91 ± 0.07, indicative of a significant positive relationship. While many stars with very low magnetic flux could easily remain undetected, the increase in flux with stellar mass is probably real: for an A-type star to have the same magnetic flux as the ultra-strongly magnetized O-type star NGC 1624-2 (∼ 10 6.4 G R 2 ⊙ ; Wade et al. 2012) , it would need to possess a surface magnetic field of ∼ 400 kG; meanwhile the most strongly magnetic Ap star, Babcock's star, has a dipole strength of 34 kG (Babcock 1960) , an order of magnitude smaller. The top left panel of Fig. 9 shows 2 log R * vs. log M * ; the slope of this correlation, 1.04 ± 0.05, is almost identical within uncertainty to the slope of log Φ vs. log M * , verifying that the correlation in the latter is purely a function of the former.
Magnetic fields and time
Assuming that fossil fields are intrinsically static on the stellar evolutionary time-scales, their surface strength should weaken over time as a star expands, with the surface magnetic field declining at a minimum as ∼ R −2 * due to conservation of magnetic flux. While such an effect is not expected to be detectable in individual stars, over a large enough sample it would be expected that B d should be systematically lower amongst older stars. log B d is shown as a function of log t and τTAMS in the middle row, middle and right panels of Fig. 9 . The PCCs with respect to log t and τTAMS are respectively −0.27 ± 0.05 and −0.66 ± 0.05; the slopes (given in Table 1 ) are also negative and significant at the 3σ level. The p values of these relationships (given in Table 1) , which give the probability that the correlations are artifacts produced by random sampling of an underlying random distribution, are likewise well below the usual threshold of 0.05 for statistical significance.
As a comparison to the decline in B d expected due to flux conservation, the middle right panel of Fig. 9 shows the evolution of a 9 M⊙ Ekström et al. (2012) evolutionary model, starting from the median B d = 8 kG close to the ZAMS (i.e. for τTAMS < 0.2). The relative change in radius across the MS varies insignificantly within the mass range of interest here, and does not differ between rotating and nonrotating models. The model predicts a very slow decrease in B d over the first half of the MS, accelerating towards the end, with a net change of about −0.7 dex. For comparison, the least-squares fit to the full dataset yields a net change of −1.4 dex. This suggests that flux is not conserved.
The upper middle and right panels of Fig. 9 show 2 log R * vs. log t and tTAMS. Radius increases with time, although the fit to 2 log R * for the full sample vs. log t is not particularly meaningful due to the dependence of radius on mass.
A less model-dependent test of flux change is illustrated in the bottom middle and right panels of Fig. 9 , which show log Φ as a function of log t and τTAMS. The PCCs are respectively −0.30 ± 0.07 and −0.38 ± 0.09, with respective slopes of −0.38 ± 0.12 and −0.66 ± 0.16. Once again the p values (Table 1) are close to 0.
To check the robustness of these results, we divided the sample into different sub-samples. Considering cluster stars alone, the PCC of τTAMS vs. log B d is −0.23 ± 0.12; log t vs. log B d is −0.19 ± 0.13; τTAMS vs. log Φ gives −0.03 ± 0.14; and log t vs. log Φ gives −0.15 ± 0.14. Slopes and p values are given in Table 1 , and are of similarly low statistical significance. Within this sub-sample there is no compelling evidence of a decay of magnetic flux. The results are broadly similar for field stars, with respective PCCs of −0.57 ± 0.09, −0.17 ± 0.15, −0.29 ± 0.13, and −0.27 ± 0.10. Within the field star sub-sample, only τ vs. log B d yields statistically significant results (see Table 1 ). However, the cluster and field star sub-samples are heavily biased towards young and old stars, respectively (Fig. 3) , which make them individually limited tests of evolutionary change. These sub-samples furthermore group together stars with very different masses and, hence, very different evolutionary timescales.
We also divided the sample into three different mass bins: low-mass (M * < 7.5 M⊙), mid-mass (7.5 < M * < 9 M⊙), and high-mass (M * > 9 M⊙). These were chosen based on the identification of the mid-mass sample as containing the most complete sampling of the main sequence (Fig. 4) . Linear fits to the three sub-samples are indicated with dashed lines in Fig. 9 , where the colour corresponds to the stellar mass. All three sub-samples show uniformly negative trends in both log B d and log Φ. Unsurprisingly given the reduced sample size, these trends generally fall below the threshold for statistical significance (Table 1 ). The exceptions are: the low-mass sample for log B d vs. log t; all sub-samples for log B d vs. τTAMS; and the high-mass sample for log Φ vs. τTAMS. In all cases the low-and mid-mass samples have similar slopes, while the high-mass sample exhibits a steeper slope than either. For log t this might plausibly be ascribed to the much shorter main sequence lifetimes of more massive stars; this should not affect fractional age.
Turning to radius, the slopes of fits to the individual mass bins relative to log t are between 0.15 and 0.3, and the slopes relative to τTAMS range between 0.4 and 0.7. All are less steep than the corresponding slope relative to B d . This is further indication that the decline in B d over time is too rapid to be explained as purely a function of flux conservation.
One cause for concern in the interpretation of these results is that the mid-mass sample -which has the best sampling of the main sequence, and also the narrowest range in mass -yields the lowest level of statistical significance of the three mass bins. This is probably because it is the smallest of the 3 samples (14 stars, as compared to 25 in the low-mass sample and 17 in the high-mass sample). The mid-mass bin is examined in more detail below in § 6.2.
If τTAMS values from Brott et al. (2011) models are used instead, the slopes in Table 1 are not changed outside the error bars. The more compressed main sequence means that the slopes with τTAMS are a bit steeper, particularly in the case of the high-mass stars, but also leads to larger uncertainties and higher p values; however, the significance of the majority of the slopes in Table 1 remains unchanged.
We conclude that the inferred decrease in magnetic flux with time appears to be robust against random and systematic error (already accounted for in the shaded regions in Fig. 9 ), and against sub-division of the sample. This confirms the basic results of Landstreet et al. (2007 Landstreet et al. ( , 2008 , extended to higher mass stars. There is also evidence that flux decreases more rapidly for more massive stars, as suggested by Fossati et al. (2016) ; this question will be considered in more detail in § 6.1.
Rotational Evolution
Magnetic braking is expected to lead to rapid spindown. Given this, we expect that the most rapidly rotating stars should be systematically younger than the slowest rotators. The left panels show the rotation parameter W (which emphasizes rapid rotators) and log Prot (emphasizing slow rotators) as functions of τTAMS. While there is a spread of rotational properties at any given evolutionary stage, extremely slow rotators (log Prot > 3) are all in the second half of the main sequence, while in the first half of the main sequence there are no stars with log Prot much greater than 1. Conversely, the most rapidly rotating stars (W > 0.4) are quite young, and the majority of the stars with fractional ages τTAMS > 0.5 also have W < 0.2. The basic trend of dramatically slowing rotation with increasing τTAMS is unchanged if values from Brott et al. (2011) models are used. As can be seen in the top left panel, stars at the ZAMS have rotation parameters W spanning almost the entire range between 0 and 0.5; the presence of relatively slow rotators at the ZAMS could be consistent with extremely slow rotators having evolved from such stars (but see below).
Magnetic braking should also be more rapid with increasingṀ and increasing B d . In Paper I we showed that Otype stars do indeed have significantly longer rotational periods than magnetic B-type stars, as expected (P13), whereas magnetic A-type stars and B-type stars have similar distributions of Prot. The relation of B d to rotation is shown in the right-hand panels of Fig. 10 . We see that the most rapidly rotating stars have some of the strongest magnetic fields, while the most slowly rotating stars have surface fields of intermediate strength. While at first this might seem counterintuitive, this makes sense if one recalls the evidence that magnetic fields weaken with time ( Fig. 9) : since very strong magnetic fields are seen only in young stars, these will also tend to be rapid rotators. The stars that experience the strongest spindown will tend to be those with the initially strongest magnetic fields, but over the time that it takes for their rotation to become exceptionally slow, their magnetic fields will weaken.
There are very few stars with very weak magnetic fields and either very rapid or very slow rotation. The former may Figure 11 . Top: histograms of the logarithmic ratio of age to t S,max for Vink (left) and Krtička (right) mass-loss rates. Bottom: log (t/t S,max ) as a function of stellar mass.
well be an observational bias, since Zeeman signatures are inherently harder to detect in broad-lined stars. It may also be due to destabilization of fossil fields below a critical field strength in rapid rotators, as suggested by Aurière et al. (2007) . Such a bias does not affect slow rotators; the absence of extremely slowly rotating, very weakly magnetized stars is naturally explained by the dependence of the spindown timescale on B d .
In Fig. 10 we also compare these results to those for magnetic A-type stars (from Sikora et al. (2019a,b) , who provided masses, radii, and fractional ages) and magnetic O-type stars (from P13, with modifications as described in § 4.2.2). Both A-type stars and O-type stars show rotational behaviour that is qualitatively similar to that of the B-type stars. While little can be said about the young, rapidly rotating A-type stars (since the Sikora et al. sample contains few very young stars), slowly rotating A-type stars are all old. The most slowly rotating A-and O-type stars are not the most strongly magnetic, but rather those with intermediate surface magnetic fields; conversely, the most rapid rotators are relatively strongly magnetized.
A similar distribution of B d and Prot was noted by Glagolevskij (2011) , who suggested it to be a consequence of dynamo activity in pre-stellar cores which peaks in efficiency at a medium cloud motion velocity; the increase in Prot over time makes this hypothesis unlikely, since in this case slow rotation would necessarily be primordial.
The qualitative picture in Fig. 10 does not tell us whether Prot is precisely as expected given the properties of the stars' magnetic fields and stellar winds. Fig.  11 shows the logarithmic ratio of the stellar age t to the maximum spindown age tS,max for mass-loss rates calculated using the Vink et al. (2001) and Krtička (2014) prescriptions. Both mass-loss prescriptions result in differences of up to about 2 dex. The Vink mass-loss rates result in ratios that are approximately normally distributed about log (t/tS,max) = 0, with a standard deviation of 0.75 dex, while the Krtička mass-loss rates result in a systematic shift to log (t/tS,max) = −0.6±0.6, i.e. the Krtička mass-loss rates generally yield t < tS,max. In principle, this is acceptable, however in some cases these differences are very large. The bottom panels of Fig. 11 demonstrate that differences between t and tS,max are not random. In both cases, the most massive stars (M * > 11M⊙) have t ≪ tS,max. The Vink mass-loss rates also yield t ≫ tS,max for less massive stars (M * < 11M⊙), while the Krtička mass-loss rates largely resolve, or at least reduce, this discrepancy. Thus, Krtička mass-loss rates yield spindown ages that are more consistent with the ages determined from isochrones for less massive stars. Neither prescription is able to resolve the large differences obtained for the most massive stars. One possible, obvious interpretation of the result that t ≪ tS,max for so many stars in the sample is that these stars may have arrived at the ZAMS already rotating slowly. This may seem plausible given that there are some stars at the ZAMS with W already close to 0. However, in the case of HD 46328, the most slowly rotating star in the sample, this scenario would require that an initial rotation parameter log W0 = −3.2, corresponding to Prot ∼ 10 3 d, about two dex higher than is observed for any young star. Alternately, this difference may be entirely illusory, as these tS,max values assume a constant τJ.
Magnetospheric evolution: the life story of a typical magnetic B-type star
Having explored the evolution of the magnetic and rotational properties of magnetic early B-type stars, we now assemble these components to provide an outline of magnetospheric evolution. We have seen that stars with Hα emission are both more rapidly rotating and have more strongly magnetically confined winds than stars without emission, consistent with an origin of their emission in CMs. Rotational periods increase with fractional age, an expected result of magnetic braking. Since magnetic braking should efficiently spin down the most rapidly rotating stars, stars exhibiting Hα emission formed in CMs are expected to be young. Fig. 12 repeats the analysis of Fig. 3 , this time dividing the sample into stars with (17 stars) and without (37 stars) Hα emission. Stars with Hα in absorption approximately follow an even distribution in τTAMS (K-S significance of 0.46), and the distribution in mass between the two sub-samples is nearly identical (K-S significance of 0.71). However, the emission-line stars are systematically younger than absorption-line stars (two-sample K-S significance of 7×10 −6 ). Indeed, while only about 1/3 of the overall sample displays Hα emission, amongst the youngest cohort (τTAMS < 0.25), emission-line stars are a majority (15 in emission vs. 7 stars in absorption or 68% in emission), while for stars older than τTAMS = 0.25 absorption-line stars are in the great majority (4 in emission vs. 27 stars in absorption or 87% in absorption). None of the stars older than τTAMS = 0.75 are in emission. It is worth noting that the most evolved Hα emission star in the sample, HD 46328 (τTAMS = 0.77 ± 0.05), is actually an extremely slow rotator (Prot > 30 yr) with an emission morphology consistent with an origin in a dynamical magnetosphere , and its emission is thus unrelated to rotation. Remov- ing HD 46328 from the emission sample reduces the fraction of older stars with emission to 10%.
P13 used the dimensionless parameter log (RA/RK) to quantify the size of a star's CM. Stars with log (RA/RK) > 0 formally possess CMs; those with log (RA/RK) > 0.8 tend to display Hα emission. genec models (Eggenberger et al. 2008 ) self-consistently including mass-loss quenching and magnetic spindown calculated by Keszthelyi et al. (2019) showed that magnetic stars should in general evolve from having CMs in their youth to DMs as they approach the TAMS. Fig. 13 tests this prediction by showing log (RA/RK) as a function of fractional age.
The typical star begins its life on the main sequence with a strong magnetic field of about 8 kG (see Fig. 9 ). It is also a rapid rotator, with a rotation period on the order of 1 d (Fig. 10) . The combination of strong magnetic wind confinement and rapid rotation provides sufficient centrifugal support to the corotating circumstellar plasma to form a large CM (RA ∼ 22 R * , RK ∼ 3 R * ). All of the sample stars in the first third of the main sequence have CMs, and a majority of these have CMs detectable via Hα emission. The exceptions either possess small CMs (due to relatively slow rotation or weak magnetic fields: HD 36982, HD 37058, HD 47777, HD 67621, HD 105382, and HD 125823), or are low in mass (and therefore have weak stellar winds: HD 35298, HD 36526, HD 130807, and HD 175362).
As the star ages its surface magnetic field weakens. As a result, magnetic wind confinement also weakens, and RA moves closer to the star. By half-way through the main sequence, its surface magnetic field strength has declined to about 3 kG, and RA is about 10 R * . The star simultaneously sheds angular momentum, and its rotational period is now on the order of a few days. Thus RK moves further from the star, to about 4 R * . Referring to Fig. 13 , the star still has a CM, but the CM is now too small to be detectable in Hα.
By the final third of the main sequence the star's surface magnetic field has decreased to about 1 kG, while its rotational period has increased to about 10 d. As RK ∼ 8 R * is now greater than RA ∼ 5R * , the star no longer has a CM, and if its dynamical magnetosphere is detectable at all in visible light it is only if the mass-loss rate is high enough to fill its dynamical magnetosphere (which is the case, so far uniquely among B stars, for HD 46328).
The basic picture described here does not change qualitatively if fractional main sequence ages determined using Brott et al. (2011) models are used instead. The main difference is that very few stars are found in the final third of the main sequence; the overall trend of decreasing log (RA/RK) over time remains unchanged, and it remains true that the first third of the MS is composed entirely of stars with CMs and overwhelmingly of stars with Hα emission.
DISCUSSION
6.1 Flux decay and mass Thompson et al. (1987) reported an increase in the surface magnetic field strength of Ap/Bp stars with mass. This is not supported by our results. Kochukhov & Bagnulo (2006, KB06) found no correlation with surface magnetic field strength and mass, but did find that magnetic flux increased with mass. Landstreet et al. (2007, L07) also looked for trends in magnetic properties with mass. They found slopes consistent with no change in surface magnetic field strength, consistent with our results, but reported a possible slight increase in Φ with mass, with slopes for their full sample of 0.5 ± 0.3 for log B vs. log M * and 1.44 ± 0.26 for log Φ vs. log M . While their results for smaller samples subdivided by age were more ambiguous than our own, in all cases they found a slight increase in Φ with M * . The increase in Φ with M * raises the question of whether the apparent increase in the decay rate of Φ with increasing M * might be an artifact. Detrending log Φ using the linear fit in Fig. 9 does not change the slopes of the various sub-samples outside of the uncertainties; for the full sample, it actually results in a steeper and more statistically significant relationship vs. τTAMS (−0.84 ± 0.13, p = 10 −5 ). Therefore the temporal decay in Φ cannot be due to the mass range of the sample.
In addition to the direct evidence for flux decay, the number of magnetic stars declines with increasing fractional age (Fig. 3) , an observation compatible with the finding of Fossati et al. (2016) that the incidence fraction of magnetic vs. non-magnetic early-type stars declines over time. Fossati et al. also found that this evolutionary difference in incidence fraction is more pronounced for more massive stars, which they interpreted as evidence that magnetic flux decays more rapidly with increasing mass.
Direct investigation of the evolution of fossil magnetic fields has been undertaken for several different samples. KB06 examined Ap/Bp stars, using ages determined from HRD positions and using the root-mean-square Bz as a proxy to B d . L07 also used the r.m.s. Bz , but limited their study to stars in open clusters in order to maximize the precision of stellar ages for stars close to the ZAMS. S19 examined a complete volume-limited sample of Ap stars, obtaining precise measurements of B d from high-resolution spectropolarimetry. Fig. 14 shows, as functions of stellar mass, the slopes found in these studies and in the present work via linear regression of log B and log Φ vs. log t and τTAMS. For the sake of completeness, the slopes achieved us-ing Brott et al. (2011) models are also shown; as is clear, they do not change the results outside the uncertainties.
Below about 4 M⊙, KB06, L07, and S19 all agree that Φ is constant in time. Flux appears to decay only above 4 M⊙; furthermore, the rate of flux decay appears to increase with mass. The solid lines in Fig. 14 show constant B d and Φ with time; almost all studies are consistent with a declining B d , whereas only the studies of low-mass stars are consistent with constant Φ. The dotted, dashed, and dot-dashed lines show three different linear fits to the slopes. The dotted line shows the fit to all measurements. The dashed line shows a fit to all measurements of samples with masses above 4 M⊙. The dot-dashed line fits all measurements except the highest-mass sub-sample, which might plausibly be considered an outlier. In all cases a negative slope is obtained i.e. the rate of change of B d and Φ increases with M * . In the cases of d log Φ/d log t, the slopes are all very shallow, and could be consistent with a constant rate of flux decay with M * ; however, a constant rate cannot provide a good match to d log Φ/d log τTAMS, even with the highest-mass bin excluded.
The mass range of the lower mass sample in the present work overlaps with the upper mass range examined by L07. We obtain compatible results within uncertainty for log t, but steeper slopes vs. τTAMS. This is despite only partial overlap in the samples themselves: 10 stars with masses below 9 M⊙ appear in both the present sample and the L07 sample, as compared to 38 stars total in this sample and 25 stars total in the L07 sample with masses in this range.
An important difference between L07 and the present study is that the former was based upon just a few Bz measurements per star, many of which were non-detections. In order to avoid biasing their results, they added 200 G to the r.m.s. of all stars. Since B d is at least 3.5× higher than Bz max, this is equivalent to assuming a minimum dipole strength of 700 G. The present study, which is based entirely on magnetic detections and magnetic dipole strengths, contains 12 stars with B d 700 G, all of which have τTAMS 0.4. Thus, the L07 results are insensitive to the weakest magnetic fields in this population, which are predominantly found at more advanced ages. If the L07 slopes are recalculated without the 200 G correction, the lowestmass sub-sample in the L07 study continues to be consistent with no flux decay, but the middle (3 < M * < 4 M⊙) and high (M * 4 M⊙) samples yield steeper slopes: respectively about d log Φ/d log t ∼ −0.5 (consistent with both S19 and this work) and d log Φ/dτTAMS ∼ −0.7 (consistent with the present work, but not with S19).
Another key point of comparison is age bias. As demonstrated in Figs. 3 and 4 , while the present sample is biased towards young stars, especially regarding cluster stars and stars with M * < 7.5 M⊙, the middle and high-mass subsamples are relatively evenly distributed across the main sequence. In contrast, the S19 sample is heavily biased towards relatively old stars, while the L07 sample is biased towards young stars, particularly in the highest-mass bin for which the median fractional main-sequence age is about 0.1. Comparing the three samples to a flat distribution via the one-sample K-S test, the present sample yields the closest resemblance with a probability of 0.05, as compared to 7 × 10 −5 for the L07 sample and 0.006 for the S19 sample. Looking only at the overlapping mass ranges of the L07 sample and the present work increases the difference: 8 × 10
for the L07 high-mass sub-sample, and 0.4 for our mid-mass sample. Our high-mass sub-sample yields a probability of 0.68 to belong to a flat distribution. We conclude that the present study provides a more even sampling of the main sequence than previous works, and does so particularly within the mass range in which flux decay becomes unambiguous.
We can use the slopes given in Table 1 to estimate the ZAMS flux Φ0 of the more evolved stars in the sample via log Φ0 = log Φ − (d log Φ/dτTAMS)τTAMS. For HD 46328, which has a very strong magnetic field (B d = 1.2 kG) for its age (τTAMS = 0.69), log Φ = 4.9 ± 0.2, yielding log Φ0 = 5.8 ± 0.2. Accounting for the increase of about a factor of 1.8 in R * from the ZAMS then leads to a surface dipole strength on the ZAMS of about 30 kG, similar to that of the most strongly magnetic stars in the sample. Conservation of flux for this star would imply B d ∼ 4 kG on the ZAMS, which is still compatible with the range of ZAMS B d but on the low end: it would be strange for one of the most strongly magnetic of the evolved massive stars to have one of the weakest ZAMS fields. The same analysis for HD 52089, which is the most evolved and also the most weakly magnetic star in the sample, yields a ZAMS dipole strength of about 8 kG, consistent with the typical magnetic field strengths of the younger stars. By contrast, flux conservation would imply a ZAMS field of about 1 kG for HD 52089; while not impossible, it is worth noting that the weakest field amongst stars with τTAMS < 0.1 is 1.8 kG (HD 36982). Excluding HD 36982 (which is technically a Herbig Be star, and is therefore likely to still be contracting as it approaches the ZAMS), the weakest field belongs to HD 142990 (4.9 kG).
Extending the fits shown in Fig. 14 to higher masses enables us to estimate how rapid flux decay should be for the magnetic O-type stars. Over a mass interval of 30 to 60 M⊙, we predict d log Φ/dτTAMS to range from −1.6 to −2.1, as compared to −1.1 ± 0.3 for the highest-mass sample of B stars. Extending the investigation of flux decay to the upper end of the main sequence is beyond the scope of this paper, as for the magnetic O-type stars the effects of magnetic fields on stellar evolution due to e.g. mass-loss quenching are expected to be highly significant, and their evolutionary status cannot be accurately investigated without evolutionary models taking these effects into account. However, it is worth noting that this extrapolation predicts that if a magnetic O-type star starts at the ZAMS with a field strength equal to the mean ZAMS value for the B-type stars (8 kG), then by τTAMS = 0.5 its surface magnetic field strength would have decreased to 700 G. Such a rapid decline would explain the lack of magnetic O-type stars in the second half of the MS noted by Fossati et al. (2016) .
Flux decay and field strength
In their review of the phenomena associated with fossil magnetic fields, Braithwaite & Spruit (2017) speculate on 3 possible mechanisms to explain flux decay: i) Ohmic decay; ii) thermal diffusion and magnetic buoyancy; and iii) meridional circulation. i) seems unlikely, as the Ohmic decay timescale increases slightly in more massive stars, while the flux of such stars instead appears to decay more quickly. In the case of iii), flux decay should be more rapid for more rapidly rotating stars. This scenario is inherently difficult to evaluate since, as seen in § 5.2, magnetic braking rapidly removes angular momentum: since both hypotheses predict that evolved stars with slow rotation should have relatively strong magnetic fields, it is not obvious how to disentangle them. In the following we focus upon scenario ii).
According to Braithwaite & Spruit (2017) , the characteristic decay timescale expected for scenario ii) goes as B −2 , and should therefore be negligible for stars with weak magnetic fields. In this case, the lower range of magnetic flux should be approximately constant, while the upper range falls. Fig. 15 shows the evolution of Φ for the mid-mass sample, which fully samples the main sequence and is narrow enough in mass that differences in stellar structure should be negligible. We see the opposite of the pattern predicted from scenario ii). The upper limit of Φ appears to be approximately constant (red line in Fig. 15) , dropping by about 0.5 dex from early to late stages. Conversely, the lower limit seems to decrease more rapidly, by about 1 dex (dashed blue line).
A possible explanation may be that strong magnetic fields may inhibit whatever mechanism is responsible for flux decay. Sundqvist et al. (2013) demonstrated that inhibition of convection within sub-surface Fe and He opacity bumps is a viable explanation for the lack of macroturbulent broadening in the spectral lines of NGC 1624-2. Grassitelli et al. (2015) have further shown that macroturbulence very likely originates due to high-order pulsations excited by turbulent convection within sub-surface convective zones. Paper I presented evidence that the distribution of macroturbulent broadening of the present sample is systematically much lower than that of non-magnetic early B-type stars (although a clear dependence on B was difficult to discern) 5 . Sub-surface convection zones increase in size, strength, and proximity to the surface with increas-5 The conclusion that magnetic stars have systematically lower macroturbulent velocities than non-magnetic stars is actually somewhat strengthened with the discovery by Shultz et al. (2019a) that the magnetic field of HD 37061 belongs to a previously unknown tertiary, which has a much lower vmac than the primary previously believed to host the system's magnetic field, which in turn had the highest vmac in the sample as presented in Paper I.
ing mass, and are proposed to support convective dynamos (Cantiello et al. 2009; Cantiello & Braithwaite 2011) . If envelope convection plays a role in dissipating magnetic flux, these properties would be a natural explanation for the apparent acceleration in the flux decay rate with mass.
Another candidate mechanism may be interactions between the extremely strong (∼ MG) dynamo fields that are expected within the convective cores of massive stars (Augustson et al. 2016 ) and the fossil fields within the radiative zone. The remnants of core dynamo fields have been inferred within the radiative cores of red giants descended from main-sequence A stars (Fuller et al. 2015; Stello et al. 2016) . As with sub-surface convection zones, the convective cores of massive stars increase in mass fraction with stellar mass. Core dynamo fields are predicted to be intensified to superequipartition strength by interaction with fossil fields in radiative envelopes (Featherstone et al. 2009 ); what effect, if any, core dynamos have upon the strength of the radiative zone fossil field is unexplored (although Featherstone et al. (2009) noted that the interaction should change the β angle of the fossil field). Some speculations on this topic were made by Braithwaite & Spruit (2017) .
We emphasize that Fig. 15 is highly speculative, and a significantly larger sample could reveal an entirely different picture. This is especially true if there are stars close to the ZAMS with fields much weaker or much stronger than the mean ZAMS field strength, since in this case the overall change in flux could be consistent with a constant rate of flux decay regardless of surface field strength.
Do complex magnetic fields decay more rapidly than dipoles?
Braithwaite (2008) demonstrated that, as with magnetic dipoles, non-axisymmetric magnetic configurations can be stable over evolutionary timescales within radiative zones; it was also indicated that the characteristic evolutionary timescales of axisymmetric and non-axisymmetric field configurations may differ, with magnetic dipoles appearing first, and more complex surface fields appearing later. In Paper I several stars were identified with detectable contributions to their Bz curves from higher-order (quadrupolar or octupolar) magnetic field components, i.e. with non-zero amplitudes B2 and/or B3 for the second and third harmonics. Anharmonic Bz curves are a wellknown consequence of surface chemical abundance inhomogeneities, but should affect primarily Bz measurements obtained from metallic lines (indeed, in Paper I this effect was quantified and investigated in detail). H line Bz measurements, which were used for all stars for which anharmonic Bz curves were reported in Paper I, should not be affected by the presence of chemical spots. Thus, non-zero values of B2 and B3 measured from H line Bz curves serve as semiquantitative measures of the degree of departure of the largescale field from a dipole. While modelling complex surface magnetic fields in detail is outside the scope of this paper, it is still possible to ask whether there are any trends in the incidence of such fields with age. Fig. 16 shows cumulative distributions and histograms of τTAMS for stars with and without detected higher-order harmonic terms. The distribution shows some evidence for stars with complex magnetic fields being systematically younger than stars with dipolar fields: the median fractional age of stars with complex magnetic fields is about 0.1, while that of stars with dipolar fields is about 0.5. Furthermore, there are no complex magnetic fields above τTAMS = 0.6. However, the two-sample K-S test probability for τTAMS is only 0.1. Comparing the histograms, the difference in distributions may be due simply to the smaller number of stars with complex magnetic fields. Given the generally weaker magnetic fields of the oldest stars, it is also possible that complex magnetic fields at such ages exist, but simply remain undetected. These results are unchanged using absolute age.
The bottom panels of Fig. 16 show the ratios of B2 and B3 to the dipolar amplitude B1 as functions of τTAMS. This gives an idea of the relative importance of higher-order terms in the Bz curve. Both of the stars with multipole terms with higher amplitudes than their dipolar terms (HD 36485 and HD 37776) are very young (τTAMS < 0.1, t < 10 Myr). HD 149438, which is known to have a complex surface magnetic field, has ratios of B2/B1 = 0.65 and B3/B1 = 0.39, i.e. the dipolar term is still the strongest according to the crude criteria used here; its fractional age is about 0.5. The majority of other stars with multipolar terms in their Bz curve have ratios around 20%, and these appear at all ages. There is thus an apparently rapid decline, by a factor of several, in the relative contributions of first and higher-order terms to Bz curves. noted that extremely complex magnetic fields have so far been seen only in the most massive stars that have so far been mapped using ZDI. However, there are no stars that have been mapped between about 4 and 7 M⊙. The right panels of Fig. 16 show the distributions with mass. There is actually a slightly more significant difference in the sample distributions with M * (K-S probability of 0.04) than with τTAMS, with higher harmonics being more common close to the bottom of the mass range. However, complex fields are seen across the full mass range. However, the relative strength of higher harmonics increases towards higher masses.
One possible objection to this analysis is that, as seen in Fig. 9 , the surface magnetic field strength declines over time, making more complex magnetic fields intrinsically more difficult to detect in older stars. However, the Stokes V signatures of quadrupoles are not much lower in amplitude than those of dipoles. Furthermore, as shown in Paper I (Fig. 16 ), numerous stars with Bz curves compatible with dipoles have been observed at levels of magnetic precision comparable to, and in some cases exceeding, the relative precision of stars in which the signatures of more complex fields have been detected. Furthermore, since we are looking at the relative contributions of higher-order terms, and older stars have weaker magnetic fields, if anything the results for older stars should be biased to larger relative contributions since these would be easier to detect amongst stars with intrinsically weaker magnetic signatures. That is, if the relative contribution of small-scale magnetic structure to Bz is constant with time, amongst older stars such contributions should be detectable only when they are very large; this is the opposite of what we see in Fig. 16 .
Expanding the sample of Hα-bright CM stars
The predominance at young ages of rapidly rotating, strongly magnetized stars displaying Hα emission suggests that future searches for such objects should focus on young stellar clusters. Indeed, as demonstrated in Fig. 17 , almost all of the known emission-line stars are found in young clus-ters. Of the five field stars with Hα emission, one is HD 46328 (which is predicted to have a DM). Of the remaining four, two (HD 64740 and HD 176582) have very weak emission (Shultz et al., in prep.; Bohlender & Monin 2011) . HD 182180 is an extremely rapid rotator with amongst the strongest emission lines ever detected (Rivinius et al. 2013b) ; it is listed in the Catalogue of Runaway Stars by Tetzlaff et al. (2011) , suggesting it was ejected from its birthplace. The kinematics of the final Hα-bright field star, HD 345439, have not been studied in detail.
One possible location for such an investigation may be h + χ Per (NGC 869 and 884), two clusters of approximately 13-14 Myr ages (Currie et al. 2010) . The clusters' stellar populations extend up to about B0 in spectral type, and the spectroscopic properties have already been characterized (Currie et al. 2010; Marsh Boyer et al. 2012) . The brightest stars in the cluster are just at the limit currently attainable with high-resolution spectroscopy (V ∼ 10); as such, a limited magnetic survey of the top of the HRD is feasible, but has not yet been carried out. Existing spectroscopic data should be searched for signs of chemical peculiarity and CM-pattern emission. The age of the clusters suggests that any magnetic B-type stars with CMs may well have already spun down; failure to detect CM emission would validate the hypothesis that such emission is unique to very young magnetic stars.
Another tempting location is the 30 Dor star-forming region in the Large Magellanic Cloud, which consists of multiple young open clusters on the order of 10 Myr in age. 30 Dor contains over 400 B-type stars with spectral types B5 and earlier, of which many show Hα emission (Evans et al. 2015) . If 10% of these stars are magnetic, and 50% of the magnetic B-type stars show Hα emission, there could be an additional 20 stars with detectable CMs waiting to be discovered in 30 Dor alone. Such a survey, if succesful, would more than double the number of such stars known. This may be a somewhat conservative estimate: as Fig. 17 demonstrates, if clusters younger than 10 Myr are considered, 75% of the stars display Hα emission, which would increase the expected number of such stars in 30 Dor to 30. Interestingly, Evans et al. (2015) noted that 30 stars show Hα emission without accompanying Fe ii emission; Fe ii is frequently in emission in classical Be stars, but has never been seen in emission in CM host stars. These objects should be examined more closely, looking for signs of chemical peculiarity and comparing their emission morphologies to the characteristics expected of CMs.
This work has concentrated on magnetic early B-type stars, because it is in this range that CMs are most often detectable in emission. There is one case of a relatively cool magnetic Bp star, 36 Lyn, which does not show emission but is known to show enhanced Hα absorption due to eclipsing by its magnetospheric plasma Smith et al. 2006) . 36 Lyn's rotational and stellar parameters were provided by Wade et al. (2006) , from which we can determine RK= 4.4 R * . Using Vink et al. (2001) mass-loss rates determined from the stellar parameters, and adopting B d ∼ 3 kG from the ZDI map presented by Oksala et al. (2018) , we find RA = 31 R * and log (RA/RK) = 0.84. 36 Lyn is therefore in the same magnetospheric regime as the emission-line stars examined here, strongly suggesting that its eclipses are a consequence of a CM. This suggests that a similar phenomenon might be seen in other cool Bp stars. It is worth noting that eclipses are only expected for a relatively narrow range of irot and β (Townsend 2008) , and 36 Lyn's ORM geometry (i ∼ 60
• , β ∼ 80
• Wade et al. 2006; Oksala et al. 2018 ) is in the ideal range. Furthermore, they are detectable only during a brief segment of the rotational phase curve, when the plasma is directly in front of the star; therefore excellent coverage of the rotational phase curve with high-resolution spectroscopy is essential. Emission, by contrast, is detectable almost independently of geometry or rotational phase: we should therefore expect stars showing only enhanced absorption due to eclipses to be relatively rare. It is curious to note, however, that HD 175362 (for which a very large ESPaDOnS dataset with excellent phase coverage is available) has similar rotational properties and ORM angles as 36 Lyn, but a much stronger magnetic field, yet shows no sign of enhanced absorption in the core of its Hα line.
Limitations and future steps
There are several fundamental limitations to this analysis.
First, the evolutionary models used to determine the ages of the field stars do not include the effects of magnetic fields, which are expected to include inhibition of mixing and, possibly, enforcement of internal solid-body rotation. Therefore these results should also be checked when reliable stellar evolutionary tracks and isochrones accounting for magnetic effects are developed (e.g. Keszthelyi et al. 2018) .
Second, the main sequence is not comprehensively sampled at the low-mass (M * < 7.5M⊙) end of our sample; future surveys should aim to fill this gap.
Third, the evaluation of observational biases in this sample is hampered by the absence of a thorough analysis of existing spectropolarimetric surveys of B-type stars in general. It would be useful to know how the upper limits on the surface magnetic fields of stars without detected Zeeman signatures change as a function of spectral type, rotation, and age.
Fourth, younger stars tend to be more rapidly rotating. Rapid rotators have broader spectral lines, making weaker magnetic fields harder to detect. The apparent absence of very weak magnetic fields amongst the youngest stars may therefore be a consequence of observational bias. The dotdashed lines in the middle panels of Fig. 9 show the median dipole sensitivity of the MiMeS survey, as evaluated from the median Bz error bar . This is about 1 dex lower than the dipole strength of the average star close to the ZAMS, suggesting that if young stars with very weak magnetic fields exist, they should have been detected. The 75% and 95% dipole sensitivities of the MiMeS Survey are 1 and 3 kG , significantly below the inferred median value of about 8 kG close to the ZAMS (although the 95% value overlaps with the lower tail of the ZAMS distribution). The MiMeS survey sensitivity is a function of v sin i Grunhut et al. 2017 ), which should decrease over time for non-magnetic as well as magnetic stars: therefore the sensitivity of the MiMeS survey in principle decreases for younger stars. However, given that only a very small fraction of the MiMeS survey targets have dipole sensitivities in the range of several kG, whereas the majority of the survey targets are likely to be more rapidly rotating than the magnetic B-type stars (Shultz et al. 2018b) , it seems plausible that the absence of very young stars with weak magnetic fields is real. A rigorous answer to this question will require a precise evaluation of the properties of the MiMeS B-star survey as a function of stellar age.
Finally, the values of Φ used here are something of an estimate, as they are based on the assumption that surface magnetic fields are appropriately described by a dipole. While this is likely reasonable for the majority of stars, and approximately correct even for the 20% of the sample showing some evidence of topological complexity, it is certainly not correct for some stars, e.g. HD 37776 which has a highly complex surface magnetic field with a maximum strength of 30 kG (Kochukhov et al. 2011) . Some stars with Bz curves consistent with a dipole show signs in Stokes V diagnostics of significant contributions from higher-order components (e.g. Shultz et al. 2018c) . A study utilizing ZDI maps for a large sample of magnetic stars is required to obtain a precise determination of the change in magnetic flux over time. Such a study would also be able to more accurately explore the question of whether magnetic complexity itself evolves, e.g. if complex magnetic fields are less stable than dipoles. A related issue deserving of attention is why some stars possess such complex magnetic fields in the first place. HD 149438 and HD 61556 have been suggested as potential merger products (Schneider et al. 2016) , and both stars possess complex magnetic fields (Donati et al. 2006; Shultz et al. 2015) , especially HD 149438 which has one of the most complex magnetic fields known amongst early-type stars (Kochukhov & Wade 2016) ; might the same be true of HD 37776?
Having explored rotational and magnetic evolution on the main sequence, the next logical step is to put these results in the context of the pre-and post-main sequence evolution of magnetic massive stars. Alecian et al. (2013a,b) have investigated the rotational properties of the magnetic Herbig Ae/Be stars, finding them to be more slowly rotating than non-magnetic Herbig stars; Glagolevskij (2015) presented evidence that surface magnetic fields are weaker on the pre-main sequence. These results have been limited by the heavy extinction of most such objects; a survey using the new IR spectropolarimeter SPIRou may be able to significantly enlarge the size of this sample. On the other end of the main sequence, Neiner et al. (2017b) and Martin et al. (2018) have detected weak magnetic fields in several hot supergiants, a population which remains largely unexplored.
Within the rotation-magnetic confinement diagram (Fig. 8) , there is an overlap between the Hα emission and absorption regions, and the stars with and without emission might be distinguishible by mass-loss rate rather than by CM size alone. If so, this may be evidence for a steadystate magnetospheric leakage mechanism Owocki & Cranmer 2018) . A more conclusive test of this hypothesis can be provided via a detailed spectroscopic analysis of the emission properties of these stars, in the context of the stellar and magnetospheric parameters determined here.
CONCLUSIONS
We utilized the rotational, magnetic, and atmospheric measurements presented in Papers I and II, together with additional constraints such as binary mass ratios, independent constraints on rotational inclination angles, and cluster ages, to obtain self-consistent stellar, rotational, magnetic, and magnetospheric properties for the magnetic early B-type stars. These were in turn used to perform the first detailed examination of the magnetic and rotational evolution of this population of magnetic stars. The fundamental conclusions of this work are as follows:
(i) There is a systematic offset between the distribution of rotational axis inclination angles irot and the expected random distribution, which also affects some previous, comparable studies. This appears to be an artifact of a bias towards sharp-lined stars. The magnetic obliquity angle β is statistically consistent with a random distribution.
(ii) The distribution of the dipolar magnetic field strengths B d is approximately log-normal, but with a cutoff at high values. Ap/Bp stars and O-type stars have almost identical B d distributions, and there is no systematic change in B d with mass. Magnetic flux Φ, however, increases strongly with mass.
(iii) Both B d and Φ decrease with time; the decrease in Φ is especially pronounced for the most massive stars, which have the highest Φ of the full sample close to the ZAMS but the lowest Φ close to the TAMS. This suggests that flux decay occurs, and that the rate is mass dependent.
(iv) There is a tentative indication that stars with initially weaker surface magnetic fields may experience more rapid flux decay than stars with initially stronger magnetic fields; if confirmed, this may point to the mechanism responsible for flux decay.
(v) Magnetic topologies appear to simplify over time; this needs to be confirmed using ZDI.
(vi) Rotation slows over time, which is qualitatively consistent with magnetospheric braking. Indeed, magnetic braking appears to be more efficient than predicted, leading to much longer rotational periods than can currently be explained.
(vii) We have revisited the rotation-magnetic confinement diagram introduced by P13. There is now very little ambiguity in the placement of Hα-bright stars. Without exception, all stars displaying Hα emission consistent with an origin in a centrifugal magnetosphere (CM) have very strong magnetic fields (hence large Alfvén radii) and are rapid rotators (hence small Kepler radii) (viii) Hα-bright CM stars share a third property: they are all very young. Indeed, Hα emission is found amongst a majority (2/3) of the young stars, despite being seen in only about 1/3 of the total sample. This youth is consistent with rapid rotation.
These conclusions can be assembled into an outline of the biography of the typical magnetic early B-type star. It starts its main sequence life with a very strong magnetic field (∼ 8 kG), and very rapid rotation; the resulting large CM is detectable in Hα. As it ages, its surface magnetic field weakens due to the twin effects of its growing radius, which reduces the surface flux density, and gradual decay of its total magnetic flux. At the same time it loses angular momentum via its magnetized wind. By middle-age the CM remains but its Hα emission is gone. As it approaches the TAMS the CM disappears entirely, with its magnetic field dropping to several hundred G and its rotational period increasing to tens of days.
The youth of Hα-bright CM stars immediately suggests that any future survey attempting to find more such stars should focus on young stellar clusters, where the overwhelming majority of these stars are located. 
APPENDIX A: MONTE CARLO SAMPLING OF THE HRD
A flow-chart illustrating the relationship of priors to posteriors, and the tests for physical plausibility and consistency, is shown in Fig. A1 . Examples of the output are shown in Figs. A2-A4. The algorithm proceeds as follows: 1. The HRD is sampled by drawing a test point from T eff and log L distributions. 2. The stellar radius is obtained directly from T eff and log L as R * /R⊙ = (L * /L⊙)/(T eff /T⊙) 4 , where T⊙ = 5780 K. The mass M * and age t are obtained via linear interpolation between the evolutionary tracks and isochrones from stellar evolutionary models. Test points without either an evolutionary track or an isochrone in each quadrant of the HRD are discarded; in practice, this amounts to requiring that the test point lies above the ZAMS, an assumption compatible with the restriction of the sample to include main sequence stars only. 3. Test 1: The surface gravity is calculated from R * and M * , and is compared to a target value drawn from a Gaussian distribution based upon the measured value of log g, tilted according to the T eff -log g correlation function (Paper II). Test points with log g differing from the target value by greater than 1σ are discarded. 4. Test 2: If the cluster age t cl is available, t is compared to a target value drawn from a Gaussian distribution based upon t cl . Test points yielding an age differing by more than 1σ from the target value are discarded. 5. Test 3: If the binary mass is available, the same test is applied to M * as to log g and t. 6a. If Prot is known, the equatorial rotational velocity veq is calculated from R * and Prot. In this step the rotational oblateness Rp/Req, breakup velocity v br , and Kepler corotation radius RK are calculated from the mass, radius, and angular velocity (Jeans 1928; ud-Doula et al. 2008 ). 6b. If Prot is not known, a random value of irot is assigned, and veq, v br , Rp/Req, and RK are calculated using irot and v sin i. 7. Test 4: Test points yielding v sin i < veq < v br are rejected. 8. The rotational inclination irot is calculated from v sin i and veq. 9. Test 5: If a prior constraint on irot is available, a similar test is applied as in Steps 2, 3, and 5. 10. Obliquities β and dipole magnetic field strengths B d are determined using irot and the sinusoidal fitting parameters to Bz , to solve Preston's equations (Preston 1967) . Calculating B d also requires the limb darkening coefficient, which is obtained via linear interpolation within the tables calculated by Reeve & Howarth (2016) . 11. Mass-loss ratesṀ and wind terminal velocities v∞ are determined using both the recipes determined by Vink et al. (2001) and Krtička (2014) , and from these Alfvén radii RA, magnetic braking timescales τJ, and spindown ages tS,max are calculated (ud-Doula & Owocki 2002; ud-Doula et al. 2008 ud-Doula et al. , 2009 Petit et al. 2013) . 12. If the total number of accepted test points reaches a pre-determined number (we selected 30,000, so as to achieve a reasonably smooth sampling of parameter space), the algorithm terminates. The final values of all parameters are determined from the peaks of the posterior probability density functions, with asymmetric uncertainties arising naturally from the standard deviations above and below the peak values. Fig. A2 illustrates the basic method for HD 186205. In this case due to the star's distance the surface gravity is measured with greater precision than the luminosity, and the final distribution reflects the better constraints on log g. The evolutionary models intersecting the star's surface parameters in the HRD and the T eff -log g plane are not perfectly overlapping: the log L would suggest M * ∼ 9M⊙, while log g is more compatible with 7M⊙. The algorithm finds a compromise solution between the two at about 8 M⊙. Forcing agreement leads to relatively precise constraints on stellar parameters as compared to those available via the photometric radius and spectroscopic mass. In addition to a reduced uncertainty in M * , the spectroscopic mass is almost twice as high as the mass determined via the MC algorithm; thus, the MC algorithm avoids a systematic substantial systematic error.
The effect of the cluster age constraint is shown for the cluster star HD 156324 in the middle panels of Fig. A3 . For this star, the uncertainties in both log L and log g are Figure A2 . Monte Carlo stellar parameter determination for HD 186205. The panels show test point density contours (red, blue, and purple are 1, 2, and 3σ contours, respectively), in the HRD (top left), the T eff -log g plane (bottom left), the M * -R * plane (bottom right) and the M * -age plane (top right). The ZAMS and TAMS are indicated by solid and dot-dashed lines; dashed lines show evolutionary tracks, and dotted lines show isochrones from log (t/Myr) = 7.2 to 7.7 in increments of 0.1. Filled black circles indicate the spectroscopic parameters. Note the tilt in the contours in the T eff -log g plane due to the correlation function (Paper II). Requiring consistency between log L and log g leads to improved constraints on M * and R * . The spectroscopic mass is much higher than the mass obtained from the HRD. significant, due both to distance, and to its status as an SB3, which makes its surface parameters difficult to determine. Requiring that the parameters be consistent with the age of the cluster leads to much tighter constraints on R * and M * than would be possible via photometric and spectroscopic parameters alone. Note that at least in the case of HD 156324, imposing consistency with the cluster age yields a rotational inclination identical to the orbital inclination, as must be the case for this tidally locked star (Shultz et al. 2018a) ; by contrast, the value determined directly from the photometric luminosity yields a much smaller inclination. Fig. A4 shows the effect of rotational constraints for the rapidly rotating star HD 182180 (Prot ∼ 0.5 d, Rivinius et al. 2013b) . The requirement that the star be rotating at or below its critical velocity rules out radii above about 3.5 R * , which are formally consistent with its T eff and log L.
APPENDIX B: ADDITIONAL CONSTRAINTS
In many cases, information is available that can be used to further constrain stellar properties. For about half of the sample, their membership in a star cluster provides the age via the main sequence turnoff. Several stars are in close binary systems, and the mass ratios of the components can be used to constrain their masses. Finally, in some cases the rotational inclination has been constrained via emission Figure A3 . As Fig. A2 , for the cluster star HD 156324. In this case the star's parameters have been limited to be consistent with the star's cluster age, the upper and lower bounds of which are indicated by the two isochrones (dotted lines). This results in a much more precise determination of the mass and radius of the star than would be possible using its luminosity and surface gravity, both of which are highly uncertain.
properties, Doppler Imaging (DI), or asteroseismology. The additional constraints utilized for individual stars are indicated in Table C1 .
B1 Cluster ages
As discussed by Bagnulo et al. (2006) , ages inferred from evolutionary tracks and the positions of individual stars on the HRD are fairly imprecise for stars close to the Zero-Age Main Sequence (ZAMS). The evolution of main sequence stars across the HRD is initially relatively slow, speeding up in later evolutionary stages. Conversely, cluster ages, which are principally determined by the location of the main-sequence turnoff, are much more precise for younger stars. This has motivated a careful search for magnetic stars that are members of stellar clusters Landstreet et al. 2007 Landstreet et al. , 2008 . In the present sample, 28 stars have been identified as probable cluster members. These stars are listed with their cluster memberships and ages, along with the relevant citations, in Table B1 .
Cluster age constraints were not adopted for HD 96446 or HD 149438. HD 96446 was suggested to be the central star of the Feinstein 1 association by Paunzen et al. (2014) , however the Gaia distance to this star, 540 ± 20 pc, is less than half the distance to the cluster of 1200 +400 −200 pc given by Paunzen et al.. We therefore consider it unlikely to be a member. HD 149438 (τ Sco) is a member of the Upper Sco OB association (de Geus et al. 1989) , however its surface parameters are impossible to reconcile with the 11 Myr age given by Pecaut et al. (2012) , leading to the suggestion that the star is a blue straggler (Schneider et al. 2016) . It was therefore treated as a field star for the purposes of parameter determination. Figure A4 . As Fig. A2 , for the rapid rotator HD 182180. Isochrones are from log (t/yr) = 6.5 to 7.4 in incremenets of 0.1. Rotational constraints lead to sharp cutoffs in the density contours at large radii, and a slightly higher mass than is obtained spectroscopically. Table B1 . Cluster ages. Where two references are provided, the top reference is for membership, the bottom reference for age.
same; the main difference is an extended low-probability tail towards very high B d , with the most likely value of B d being unchanged. Table C1 . Stellar and rotational parameters derived from Ekström et al. (2012) models. Labels in superscripts next to the stellar Table C2 . ORM parameters. The second column gives the Preston r parameter. Inclinations irot are not given for stars for which this
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